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Abstract The structure of the lower part (i.e. e-away below the two-boson threshold) spectrum 
of Frohlich's polaron Hamiltonian in the weak coupling regime is obtained in spatial dimension 
d > 3. It contains a single polaron branch defined for total momentum p E G^°\ where C M d 
is a bounded domain, and, for any p £ R d , a manifold of polaron + one-boson states with boson 
momentum q in a bounded domain depending on p. The polaron becomes unstable and dissolves 
into the one boson manifold at the boundary of G^ ^. The dispersion laws and generalized 
eigenfunctions are calculated. 

1 Introduction 

We consider the quantum system consisting of a particle coupled with a Bose field by an 
interaction linear in the creation-annihilation operators, known in the physics literature 
as Frohlich's polaron model [J. There are many papers, both physical and mathematical, 
devoted to this subject, see [2j-f.5]- These are mainly concerned with the ground state F^ 1 
of the Hamiltonian H p of the system at fixed total momentum p acting in the Hilbert space 
TC(p) (see below). It is shown that for sufficiently small particle- field coupling constant a 
the ground state Fp ^ exists only for momentum p in a certain domain C M. d , where 
is bounded for space dimension d > 3 and G^ = R. d for d = 1,2. The ground state 
describes the "polaron", i.e. the particle in a "cloud of virtual bosons". 

Here we study the next, "one-boson", branch of the spectrum of H p for d > 3. 
The expected mathematical picture is the following: there exists an invariant subspace 
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Hi(p) C H(p) of the operator H, p , which is isomorphic in a natural way with L 2 \Gp , dqj , 

where Gp C M d is a certain bounded domain, such that H p acts in this subspace as 
multiplication with a function £ p (g) , which can be viewed as the energy of a boson of 
momentum q (while the total momentum of the system is p). The range of this function 
is the segment [Ai (p) , A 2 (p)), where Ai (p) and A 2 (p) are the thresholds of the one- and 
two-boson states, respectively. Moreover, in the subspace orthogonal to H.q{p) ®Hi(p), 

where TCoip) = jc-Fp '*} is the one-dimensional subspace generated by the ground state 

whenever it exists, the spectrum of H p lies above A 2 (p) (this latter property will be called 
"the completeness of the one-boson spectrum"). The states in Hi(p) can be viewed as 
scattering states of a boson and a polaron. 

Unfortunately, we shall obtain here only part of the above picture. Namely, we are 
able to construct only a subspace Ti.1(p) C 7ii(p) isomorphic to L 2 (^Gp^ K , dq^j , where 

Gp^' K — |g £ Gp^ : £ p (g) < Here, k < A 2 (p) can be chosen arbitrarily close to A 2 (p), 

at the expense of taking the coupling constant a sufficiently small. Apparently, our 
techniques allow the construction of the whole space Gp and the proof of the completeness 
of the one-boson spectrum for sufficiently large space dimension d. 

Our analysis of the one-boson branch covers only the cases d > 3, though we expect 
that the same picture holds in lower dimension, with Gp = M. d for d = 1,2. The 
calculations are based on a technique used by one of the authors in |2j, and also on 
certain facts connected with the spectral analysis of the so-called generalized Friedrichs 
model pj. 

We proceed now to a detailed presentation of the model and a precise statement of 
the main result. 

The state space of our model is the Hilbert space 



H = L 2 (R d ) <g> T 



where T is the symmetric (boson) Fock space 



oo 

) 

J 
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with VS Q) = C, H {n) = (L 2 (R d ))® n m the symmetric tensor power (n > 1). Thus, the 
vectors of TL are sequences 

F = {f (p ) , fi (Po; q) , fn (Po; Qi, In) , ■■■} , (1-1) 

where f n are, for every p G M d , symmetric functions of the variables q±, ...,q n , and the 
norm is given by 

\\Ff= \fo(p )\ 2 dp + y2-J / \fn(p ;qu-,qn)\ 2 dp T\d qi . (1.2) 
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The Hamiltonian of our system has the form 

H = H p art + Ht ld + aHtot, (1.3) 
where a > is a coupling constant and 

{Hl art F) n (po; qi, ...q n ) = \p 2 f n (po; 9i, ••, g») , 



(Ht ld F) (p ;q i ,...q n )=(E. 

\ / n \ i= i 



fn{po;qi,-,q n ) 



(1.4) 



n 

(H int F) n (po; gi, ...g n ) = £ c(p ; ft)/ n -i (Po + ft! ?i, ft, ?n) 

i=i 



+ / R d c bo; ?)/n+i (po - ?i> -?n, ?) dg, 

with the convention that a sum over a void set is 0, and where the notation q means that 
the variable q is omitted. The properties of the functions e and c will be given in detail 
later. Notice that, with the minimal assumptions: e is a positive real function and the 
function c is bounded and with sufficiently rapid decay for q — > oo, the operator H is 
self-adjoint and bounded from below. 

A first simplification in the spectral analysis of H comes from the conservation of the 
total momentum, i.e. from the fact that H commutes with the operator 

(PF) n fa)]Qi,-Qn) = (po + Yl q *J /»(Po5?i» -,Qn),n> 0. (1.5) 
As a consequence, TC can be written as a direct integral of Hilbert spaces TC (p) 

H= / H{p)dp, (1.6) 
which reduces both P and H, i.e. induces the decompositions 



P= / pldp, H= / H p dp, (1.7) 

where / (the unit operator) and H p are operators in TC (p) . For a vector F as given in 
(II. lj) . we get the representation: 

/•e 

F= / F p cip, 

-/R d 

where F p = I f p>n \ and / p>n is the restriction of / n to the hyperplane Po + ^ qi = p. 

I ' J n>0 j = l 

The spaces W (p) will be identified with T = T sym (L 2 (R d )) by means of the unitaries 



( U pFp) n -In) = fn U>- ^2Qi',qi,-,Qnj • (1-8) 



With this identification, the action of H p in T is given by the formula 

( H P F )n -In) = e°_p (gi, -., g„) / n (?l, •-, ?„) 

n n 

+a E C (P - E ft)/n-l •••>&, • •> Qn) 

i= l 3=1 

n 

+a j c(p-q-J2 Qj] ?)/n+i (9i > -9n, ?) dg, (1-9) 

R d 3=1 

where 

1 / n \ 2 

en lP (gi,-,gn) = 2 [p-J2 qi ) ( L1 °) 

\ i=l / i=l 

The functions 5 and c are supposed to fulfill the following conditions: 

1. e(q) is a convex, non- decreasing function of \q\ and there exists c Q > 0, such that 

£(gi) + e{q 2 ) > e{q x + g 2 ) + C<3 , Vgi,g 2 GM d . (1.11) 

Also, we need stronger regularity properties: e G C°° (lR d ) and /ms bounded 

derivatives, i.e. there exists R> 0, such that for all multi-indices a = ...,ad) ^ 
0, 

sup \d%e{q)\ < R, (1.12) 



Oii, 



where 

d « = ggr^p g = (gi,-,gd), H = 2^ 

The following are physically interesting examples of such functions: 

a) £ (q) = e (0) > 



b) e (g) = yg 2 + m 2 + c G , m > 0, c G > 

2. c(p, g) is sufficiently smooth and there exists a bounded, rapidly decreasing function 
h : R d — > R + dominating c and all its derivatives, i.e., for all multi-indices a,/3 
there exists C a ^ > fCo.o = 1), such that 

\d^c(p;q)\ < C a;/3 h(q), Vp, g G M d . (1.13) 

We are concerned here with the study by perturbation theory of the (lower part of 
the) spectrum of the Hamiltonian (ll.9j) for every fixed p: 

H p = H^ + aH pMh (1.14) 

where H p ^ denotes the first term, and aH p . int the other terms, of equation (|1.9|) : some- 
times, for notational simplicity, the index p will be omitted. 
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The spectrum of Hp consists of the eigenvalue \p 2 , corresponding to the bare particle, 
and branches of continuous spectrum e° (gi, q n ), corresponding to bare particle + n- 
boson states, starting at the thresholds 

X° n (p) = min e° (q 1 ,...,q n ). (1.15) 

qi,...,q n 

Remark that, in view of the convexity of p 2 and e, the minimum of e\ p (q\) is attained at 
a single point q®, which is its unique critical point and is nondegenerate. Moreover, as a 
consequence of the inequality (11.11)) , 

X° n (p) > X° n ^(p) + c . (1.16) 

The main result of the paper is summarized in the following: 

Theorem 1.1 

1) For any d> 3, there exists a = a (d) such that, for any a < a there exist functions 
Xi(p) < A 2 (p) , with Ai(p) < Xi(p), A 2 (p) < A 2 (p) , and a bounded domain C M. d , 
such that the spectrum of H p in (— oo, X\(p)) consists of one nondegenerate eigenvalue 
# ifp G G (0) and is void if p 4 G^ . Moreover, f£ 0) < p 2 /2 and lim = XAp) 

, where dG^ denotes the boundary of the domain G^ . The associated eigenvector Fp ^ 
is the ground state of H p . 

2) For any n G (Ai(p), A 2 (p)) and any p G ~R d , there exists do = do (n,p,d), such that 
for any a < do there exists a domain G P ^' K cR d , a C°° -function : Gp 1 ^ — > [X\(p), k] 
and a subspace T~Ci(p) C T invariant for H p , such that the restriction of H p to 7~Li(p) is 

unitarily equivalent to the operator of multiplication by the function £™ in L? [g^^ dq^j 
. Thereby, for Ki < k 2 G (Xi(p) , X 2 (p)) one gets Gp^'^ 1 C G^'^ 2 and = £ p 2 \ G w, K1 . 



Remark 1.2 Refining slightly the technique of this paper, one can reach k = X 2 (p) if the 
dimension d is sufficiently large, i.e. do (-,p,d) is bounded away from zero, and the whole 
one-boson subspace Hl~ X2< " p \p) and the function £p~ x ' 2 ^ can be constructed. 

2 Outline of the proof 

We shall present first the strategy we adopt in proving Theorem 11.11 in order not to 
obscure it by the cumbersome calculations to be done. 
Our constructions involve the resolvent of H p : 

R(z) = (H p -ziy 1 . (2.1) 

We have therefore to solve, for any L G J 7 , the equation: 

(H p -zI)F = L. (2.2) 
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We split the space T as an orthogonal sum HS- 1 ^ © H^- 2 \ corresponding to number n of 
bare Bosons < 1, and > 2, respectively, and denote n 1 ,n 2 the corresponding orthogonal 
projections. Hence, F — Ft + F 2 , where F 1 = IIiF={/o, /i, 0, 0, ...}, F 2 = U 2 F = 
{0, 0, f 2 , ...} and similarly the vector L = L\ + L 2 . Then the operator H p has a matrix 
representation: 

H r =( „ A ? "M, (2.3) 



x aA 21 A 22 

where An = UiH p Ui, otA^ = UiH p Uj (i ^ j), in terms of which equation (12. 2J) writes as 

" (A u - zl) F 1 + aA 12 F 2 = L x 
aA 21 F 1 + {A 22 -zI)F 2 = L 2 ' ^ 



We define 



By the variational principle, 



A 2 (p) = inf spec(A 22 ) . (2.5) 



A 2 (p) = inf (U 2 F,H p U 2 F)<\° 2 (p) (2.6) 
F£J-',\\f\\=i 

as X 2 (p) is obtained as the infimum of the same expression taken over the subspace H^- 2 ^ 
of vectors F with at most two bare bosons. Likewise, we define 

Ai(p)= inf (F,H P F)< A°(p) (2.7) 

the infimum of the spectrum of the restriction of H p to the subspace 'H 1 '- 1 *' with at least 
one bare boson. 

For z in the resolvent set of A 22 , the second equation in (12. 4J) can be solved for F 2 

F 2 = {A 22 - zl)~ l (L 2 - aA 2 iFi) , (2.8) 
and hence one arrives at the following equation for F\ 

(A n - a 2 A 12 (A 22 - ziy 1 A 21 - zl) F 1 = L 1 - aA 12 (A 22 - ziy 1 L 2 . (2.9) 
Let now restrict to real z = £ and consider the family of self-adjoint operators acting 

A p (0 = An - a 2 A 12 (A 22 - ^iy 1 A 21 , £ G (-oo, A 2 (p)) • (2.10) 

We shall show that, under our assumptions and for £ < k G (Ai(p), A 2 (p)), ^4 P (£) 
are generalized Friedrichs operators, i.e. each operator v4 p (£) = A allows in the space 
7^(<i) — L 2 (R a! , <ig) a representation of the form: 

(AF) = e^f + aJv(q)f 1 (q)dq 

{AF\ = av (q) f + a (q) f l (q) + a 2 J D (q, q') f l (q') dq>, [ZAl) 

where F = (fo, fi) G H^- 1 ^ . Here v(q), a(q) and the kernel D(q,q') fulfill a set of 
smoothness conditions (given in detail in Section B~T| . a (q) is bounded from below and 
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grows at most linearly at oo, and v (q), D (q, q') decrease fast at oo. Such operators allow, 
for small a, a complete spectral analysis (see [6]-[S] and Section 14.11 below), namely, 
letting aside the possible eigenvalue e p (ground state), they are unitarily equivalent to the 
operator of multiplication by a (q) in L 2 dq) . 

Let us denote, for given p and £, by a p (£, q) the function a (q) entering equation (|2.11j) 
written for A p (£). In essence, the key to the spectral analysis of H p lies the following 
remark: 

Remark 2.1 Let F = F l + F 2 (F 1 E H { - 1) ,F 2 e H ( - 2) ) be (generalized) eigenvector 
of H p with eigenvalue £. Then, by equation \2. 9) . F 1 is a (generalized) eigenvector of 
the operator A p (£) with the same eigenvalue £ . Conversely, suppose that F^i is the 
eigenvector of A p (£) of eigenvalue e p (£) (whenever it exists). If the equation 

ep(0 = £ (2-12) 
has a solution £p\ then F = Fjo) + F ' (o> , where 

is an eigenvector of H p with eigenvalue ^ p . Likewise, let for a given p, F^ be a 
generalized eigenvector of the operator A p (£) corresponding to the eigenvalue a p (^,q) 
and £ p (q) be a solution of the equation 

Op(£,g) = £. (2.13) 

Then for Ff = F^ 1 and 

Fl = -a (A 22 - e (q) IT 1 A 21 Fl , (2.14) 
the vector F q = Ff + F| is a generalized eigenvector of H p for the eigenvalue £ p (q) . 

The domain is identified with the set of p for which equation (12.121) has a solution. 
For any given p, G p K is the set of q for which equation (|2.13j) has a solution £ (q) < k. 
The constructions of the subspace Ti1(p) and of the unitary equivalence of the operator 
H p |««(p) to the multiplication by ^(q) = £ p (q) are done in the standard way in terms of 
the family {F q } pG (i),k of generalized eigenvectors of H p . 



3 Elimination of the many-body components 

In this section we study perturbatively the solution (|2.8|) and derive its main properties of 
interest to us. By virtue of equation (jl. 14j) and the inequality (|2.6jl . one can factorize the 
unperturbed (diagonal) part — z for z ^ [A 2 (p),oo), and bring the second equation 
()2.4|) to the form of the equivalent fixed-point equation: 

F 2 + Q(z)F 2 = a (H® - z)' 1 L 2 - GF U (3.1) 
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where 

Q(z) = a (iff - z) ~ l U 2 H pMt U 2 , (3.2) 



G = a(H^-z) l n 2 H p>i/nt U u (3.3) 
Explicitly, the vector GF\ has the form {0,0, #2,0, ...} with 

, _a[c(p-q 1 -q 2 ;q l )f 1 (q 2 ) + c(p-q l -q 2 ;q 2 )f l (q l )} , . 

92{QU ~ el p (q u q 2 )-z " M 



Lemma 3.1 For every k G (Ai(p), A 2 (p)) there exists «o ( K ) such that, for any a < cto 
and any z G C with 9lzz = £ < k, \\Q(z)\\ < 1/2, therefore equation 1}) has a unique 
solution F 2 for every fi G L 2 (R d , dq) and L 2 G 7i ( - 2) . 

Proof : We write Q (z) as a sum of its creation and annihilation parts: Q (z) = Q' + Q", 
with 



0, n = 2 

« (e°, p (9i,...,9n) -2) E c (p-Ei^;?i)/n-i(-?i-)> n>2 

17 1 ^ ' 



(3.5) 



(Q" F ) n (ft, •••> <&») 

= « ( e n, P (ft,- -^)~ 1 / C (p- Ej^j -q;q)fn+i(qi,-,qn,q)dq, (3.6) 

71 > 2 

By condition (jl. lift and the inequality (|2.6)1 . one gets for £ < k 

|e°j, (qi, q n )-z\ > e° np (q h q n ) - £ > (n - 2) c + A 2 (p) - «, (3.7) 
therefore, by virtue of (|1.13j) . 

na ' ll^ll^fRd) ' \\fn-l\\ L 2( n d(n-l)) 

KWM"-) 5 (, i -2)l + A 2M - K - ■ " > 2 ' 

while, for n = 2, the norm vanishes. Therefore, 

oo 

IIWI^) = E^-|l(Wnfe(«-) 
n=2 v ' 

< a 2 H/iH^pjd) max n > 3 [n ((n - 2) c D + A 2 (p) - /«)~ 2 ] 

X E ( n _i)i ' ll/ra-lllx^.i - 

n=3 



< 



a 2 \\h\\ 2 L2{Rd) 3 (c + A 2 (p) - «) 2 ||ili(>2) 
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implying that \\Q'\\ < ol - \h\ L2 ,^ \/3/ (c c + A 2 (p) — n). A similar calculation shows that 



WW <<*• \\h\\ L 2 (R d ) \/3/ (^2 (p) — k). This finishes the proof of the lemma. 



□ 



Let us denote by F° (z, fi) = {/° (z; ■) ; n > 2} the solution of equation (|3.1|) for L 2 = 
0. Under the conditions of Lemma 3.1 and taking into account equation (|3.4[) . we get 
that H-F2 l- 2 ? fi) ll^(>2) — ^ a ll/illi,2( K d). From now on, we shall denote by S(z) the linear 
operator: 

n (<D 3fi mF^zJ 1 )en^ 2) . (3.8) 

To proceed further with the analysis we need more information about the structure and 
regularity of the solution F®(z, fi). To this aim, we shall solve equation (|3.1|) with L 2 = 0. 
In particular, we shall show that the components of F®(z, fi) have the representation 



fn (*! 91, Qn) = E & " Qn, Qi) fl (ft 



i=l 



+ fd„ (qi,-,q n ;q) fi(q) dq, 



(3.9) 



where the functions fe n (gi, g n _i; q n ) are symmetric in gi,...,g n _i and the functions 
rf n (gi, q n ; g) are symmetric in gi, g n , n > 2. The functions 6 n and <i n will be called 
coefficient functions. 

A simple calculation shows that, if F G H^- 2 ^ has the representation ()3.9j) . then also 
F = Q (z) F has the same kind of representation, with coefficient functions 



b n (gi, g n _i; g n ) = a (e° iP (gi, g n ) - z) 1 



x 



n-l 



Ec P-E*;* (gi, qi-, q n -u q n ) 



i=l 



i=i 



fc\p-Y^qj-q\q] b n+1 {q u g n _i, g; g n ) dg 



(3.10) 



cL (gi, •-, g«; g) = a (e° iP (gi, g n ) - z) 



-i 



x 



E c P-E?ji* d n-i (gi, gi-, g«; g) 



i=l 



3=1 



(3.11) 



+ / c p - E Qj - <?'; <?' (?i> 9n> <?'; ^) d 4 

r r V 

+ c I p- E ?j - I'^J frn+i (gi, -,qn;q) 

Let now define the space M. of all pairs // = {(p n ) n>2 , (<in) ra > 2 } °f sequences of bounded 



continuous functions, b n : (R d ) 



(n-l) 



C, d n : (R d ) n 



X 



C, symmetric with 



respect to the first group of variables. Let them fulfill the following condition: there exists 
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a constant M, such that, 



n-l 

sup q \b n (ft,...,ft_i;g)| <M[] /i (ft) , 

i=i 



K(gi,...,g„;?)|<M/i(g)n'i(9i), Vn > 2 (3.12) 



i=l 



where /i is the function appearing in equation (|1.13jl . M. is a Banach space with the norm 

\\l4= infM, (3.13) 

where the infimum is taken over all M for which the condition (|3.12j) holds. Clearly, 
equation (|3.9j) defines a continuous application of 7V 1 ) into 

The linear operator T (2;) acting in .M according to T (z) fi = /t, where // = {(»n) n >2 > (^n) n >2} 
and ft = {(o n ) n > 2 , (<in)n>2} are related by (|3.10p . (|3.11ft . translates in M. the action of 
Q(z). Then equation (|3.1|) with L 2 = is transformed into 

/x + T (z) \t = /x , (3.14) 

where /x = {(6°) , «)} with 6° = 0, Vn > 3, < = 0, Vn > 2, and 

1,0/ \ ac{p-q 1 - gjft) 

t2(,i;9) = - «§,(«,,,)-- ' (3 ' 15) 



Lemma 3.2 For even/ k G (Ai(p), A2O?)) £aere ercisfe <3o (k) s«en £/ia£, /or any a < cto 
and any z G C with 5He z = £ < k, ||r(z)|| < 1/2, and /io G ||/xo|| < a/ (A2(p) — K )- 
Therefore, equation \3.14 ) has a unique solution jj (z) G M., which is an analytic function 
of z in the half-plane D\t z < k. Moreover, for any r > 1, there exists a r {n), such 
that, for a < a r (k), the components of jj (z) are C r -functions of their arguments and the 
derivatives up to order r satisfy estimates like fl.lfy) . more precisely, for any multi-indices 

n 

A n = {ai,...,a n ,[3} with \A n \ = Yl < r, where ai = (a-,...,af) , (3 = (/3 1 , (3 d ) , 

i=l 

there exist constants C(A n ), C(A n ), such that, for any n > 2 and for all z in the half- 
plane the following inequalities hold: 



n-l 



\d An - 1 b n (z;q 1 ,...,q n -i;q)\ < a(\ 2 (p) - k) 1 • C (A n -i) • U h (ft) 

i=l 

n 

\d An d n (z; qt, q n ; q) \ < a (A 2 (p) - k) _1 • C (A n ) -h{q)Y[h (ft) 

i=\ 

9- 4 ™- 1 6 n (z;q 1 , ...,q n -i,q)\ < a (A 2 (p) - k)~ 2 ■ C (A-i) ■ II h (ft 

i=i 

I d" 4 "^ (*; ft, ft; g) | < a (X 2 (p) - k)' 2 ■ C (A n ) ■h{q)Y\h (q t ) 

i=i 



(3.16) 



dz 



(3.17) 
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i=l 



where d An = I Y[ <ffi ) dq- The vector F 2 (z; fi) given by equation |2jJ), having as coeffi- 



cient functions the components b n ,d n of n{z), belongs to H^- 2 ^ and is the unique solution 
of equation ^3. 1\) for L 2 = 0. 

Proof: Suppose fi G A4, \\fi\\ = 1, i.e. {b n ) n>2 , {d n ) n>2 satisfy the estimates (|3.12j) with 
M = 1. Then, T(z)fi = fi of components 1)3. 10|) . 1)3.111) satisfies the same estimates with 

n + l + \\h\\ 2 a(3+\\h\\ 2 ) 
A = a ■ max — — = . 

n>2 [n - 2)c + X 2 (p) - k \ 2 {p) - K 

Therefore, ||r(z)|| < 1/2 for a sufficiently small. The estimate of ||/i || is immediate, 
therefore ||//(^)|| < 2a (A 2 (p) — k) -1 . 

So, we are left with the proof of the smoothness of the coefficient functions, equations 
(jSHEJ), JHHH). We shall consider only the first derivatives, i.e. \A n \ = 1. Consider the 
subspace M.\ C A4 of all [i with differentiable components {b n ) n>2 , {d n ) n> 2 f° r which 
there exists Mi > 0, such that 

max <^ max \V qi b n (qi, -,q n -i; q)\ , |V g 6 n (q x , ...,q n -i] q)\ > < Mi TT/i (ft) , 

KKn-l 

^ i=l 

max max |V ?i d n (gi, g n ; g)| , \V q d n (q 1} q n ; q)\ \ < M x h{q) TT h (ft) , (3.18) 

Kt<n 

k i=l 

which is a Banach space with norm 1 1 /x 1 1 -,_ = max{||/i|| , inf Mi}, where inf is taken over 
all Mi fulfilling 1)3. 18j) . We show that, for small a, T(z) is a contraction in Ai±, as well. 
Taking derivatives with respect, say, to q± in equation (|3.10|) . one obtains 



V qi b n (qi,...,q n -i;q n ) 

= ~ a { e °n, P (qi,-,qn) - ^)~ 2 V ?1 e° p (gi,...,g„_i,g„) 



n-l 



E c \p - E Qj\ qi b n-i (..., ft, <?«.) 



i=l 



+ / c ( p - E Qj - q\ q ] b n+i (qi, ■-, q n -u q; q n ) dq 

3=1 



+« ( e l, P {qi,-An) -z) 1 



n-l 



V ? C p - E g?; qi - E v p c p - E g?; % &n-i (--ft--; gn) 



i=i 



-/ V p c ( p - Eg? - 9; 9 J (91, -,gn-i,g;gn) dq 



n-l 



+ E c P - E qf qi) V w 6„_i (g : , ft.., g n _i; g n ) 



i=2 



+ / c ( P - E Qj - g; 9 J V gi & n+ i (gi, g„_i, g; g n ) dg 



(3.19) 
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Here, V p c and V 9 c denote the gradient of the function c(p, q) with respect to the first, 
respectively the second, argument. Similar expressions are obtained for V qi d n , V ?n 6 n , and 
V q d n . Suppose that j| || x = 1. Then, using the simple estimate 

V 9i e n, P (qi,...,q n -i,qn) 



< R, (3.20) 



< P (qu-,q n )-z 

where R is a constant independent of n, and also the assumption (|1.13j) . one obtains 

„ „ a (a+\\h\\ 2 ) (R + C + b) 

A!< J VVr 3.21 

MP) - K 

where a and b are absolute constants and C = max {| V p c(p, q) | , |V 9 c(p, g)|}. Equation 
(|3.21|) shows that T (z) leaves .Mi invariant and that ||r(z)|| < 1/2 for a sufficiently small. 
Since /x G and 



|j < 2a(X 2 (p) -k)' 1 max {(-R + C) , l} 



we see that the solution // (z) of equation (|3.14j) belongs to M.\ and has norm of the order 
of a I [\ 2 (j)) — k). This finishes the proof of the inequalities (|3.16jl in the case r = 1. The 
higher values of r can be treated similarly, with stronger limitations on a. 

Finally, \i (z) and its derivatives are analytic in the half-plane £ < k' for any G 
(k, A2O?)) and satisfy there inequalities like ()3.16ft . implying (|3.17|) in £ < k. The lemma 
is proved. □ 

Finally, going back to the system (12. 4J) with L 2 = 0, we remark that the solution 
F 2 ° (z; fi) of the second equation enters the first equation only through its first (n = 2) 
component, f® (-2; which, in view of equation (|3.9|) has the form: 

/a («l /i; 9i, 92) = &2 (2; 92; 9i ) /1 (9i) + b 2 (z; q x ; q 2 ) f x (q 2 ) , g ^ 

+ J d 2 (z;q u q 2 ;q) fi (q) dq. 

Inserting this representation into the first equation (12. 4j) and using the notations: 



m p (z; q) = a J c(p-q- q'; q')b 2 (z; q\ q) dq' , (3.23) 
Dp (z; q, q') = ±[c{p-q- q', q') b 2 (z; q; q') 



+ fc(p-q'- q", q")d 2 (z; q, q"; q 1 ) dq" , 
one arrives at the following system of equations for the n = 0, 1 components: 



i e o, p - z )fo +" / c(p- q,q)fi(q)dq = l 

ac (p - q, q) f + [a p (z; q) - z] fx (q) + a 2 J D p (z; q, q') fx (q') dq' = h 



(3.24) 



(3.25) 



where 

a p (z; q) = e° (q) + m p (z; q) (3.26) 
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Corollary 3.3 For z real, the function a p (z; q) is real and the kernel D p (z; q, q') is 
self-adjoint. 

Indeed, the operator V(z) defined by 

(V(z)h) (q) = m p (z; q) ft (g) + a 2 [ D p (z; q, q') f x (q>) dq' 



is equal to — A X2 (A 22 — zl) 1 A 21 appearing in equation (|2.9|) . which is manifestly self- 
adjoint for real z. 

Corollary 3.4 The following asymptotic formulae hold: 

m P (*; q) = -o? [ W ( ^ ~ 9 ~ / ; ^ dq' + O (« 3 ) , (3.27) 

J e 2, P (?, q')-z 

where O (a 3 ) is a C 1 -function of norm \\0 (a; 3 ) || < Ca 3 for some constant C depending 
on k; 

D, (», „, rf) = JSE Effrb -<-M +0 {a) , (3.28) 

4, P (q, 1) ~ z 

where 0(a) is a smooth function bounded by C a h(q)h(q') for some constant C de- 
pending on k . 

oo 

As a consequence of Lemma 3.2, the solution \i (z) has a series representation ^2 (— r (z)) n 

n=0 

convergent in Ai\, the n-th term of which is of the order a n , wherefrom the assertion. 

4 Study of the reduced system (3.25) 

4.1 The generalized Friedrichs model (a digression) 

We collect here the needed information about the spectral representation of the generalized 
Friedrichs operator A acting in H^- 1 ^ = C © L 2 (M. d , dq), equation (|2.11j) . We shall study 
A as a perturbation of A = A (a = 0), so a > is supposed sufficiently small to ensure 
the convergence. 

In order to calculate the resolvent Ra(z) of A, one has to solve 

/ (e (0) - z) f + a J v (q) f x (q) dq = g 

\ av (q) f + (a (q) - z) f x (q) + a 2 J D (q, q>) f x (q') dq ! = g x ^ 

for all (jg ,g 1 )=GeH&). 

To this end the following assumptions are made: 
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1. a(q) is a real, sufficiently smooth function, and there exist constants Ci,C 2 ,C 3 , 
such that 

C 1 <a( 9 )<C 2 | g | 2 + C 3 , 
|Vo( g )|<C 2 (|g| + l) , (4.2) 
\d a a(q)\ < C 2 ,\a\ > 2; 

a(q) has a unique nondegenerate minimum a at go and no other critical points. We 
denote / = [a, oo) C R the range of the function a. 

2. The function v (q) is continuous and \v (q)\ < h(q), for some bounded, rapidly 
decreasing, positive h; 

3. a (q) restricted to the 0-level of v, {q : v(q) = 0}, is not constant; 

4. The kernel D (q, q') is sufficiently smooth and there exists a constant N, such that, 
for any multi-indices a,/3 with |a| , \/3\ < r = [d/2] + 2 

< Nh(q)h(q'). (4.3) 

In solving equation (|4.1I) we proceed like outlined in Section [21 , i.e. we solve the second 
equation for f\ in terms of /q and plug the solution in the first equation. 

Let B be the operator defined on its maximal domain in L 2 (R d , dq) by the formula: 

Bf(q) = a(q)f (q) + a 2 J D (q, q>) f (q') dq' . (4.4) 

We need its resolvent Rb{z) = (B — zl) 1 . We denote by B r the Banach space of all 
kernels D (q, q') satisfying condition 0J i.e. which are r times differentable and satisfy 
()4.3|) for some N, endowed with the norm ||-D|| r = inf N, where the infimum is taken over 
all N for which holds. 

Lemma 4.1 For a sufficiently small and z I the resolvent Rb{z) — (B — zl) 1 has 
the form 

(R B (z)g)(q) 

= ( a (l) ~ z ) 1 [9 (<?) + a 2 J K (a, z; q, q') g (q') (a (q 1 ) - z) 1 dq'] , 

gel 2 (R d , dq) , (4.5) 

where the kernel K (a, z; •, •) G B r and its norm is bounded for z G C\I . Moreover, K is 
a B r -valued analytic function of z on C\I and its boundary values 

K (a, x; q, q') = lim K (a, x ± ie; q, q') (4.6) 

exist in B r for all x G /. Also, K ± (a,x; ■, •) are [(d — l)/2] — 1 times differentiate as a 
B r -valued function ofx&I and their last derivative with respect to x is Holder continuous 
of exponent 7 = 1/3 (actually of any 7 < 1/2 for even d and any 7 < 1 for odd d). 



dfflD(q,q') 
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Remark 4.2 We shall express the last property of K ± by saying that I 3 x i — > (a, x; ■, •) G 
B r is s+1/3 times differentiable, where we put s = [(d — l)/2] — 1. In order to prove it, one 
has to find a constant N , such that for all multi-indices a, (3 with \a\ , < r = [e?/2] + 2 
and fc = 0, 1, s: 



dtdZtfK* {a,x;q,q' 



< Nh(q)h(q') 



and 



max 



d s x dy q ,K± (a, x- q, q') - d s x d«d P a ,K± (a, y; q, q> 



q ~q' 



\x-y 



1/3 



(4.7) 



< Nh(q)h(q'). (4.8) 



Proof of Lemma 4-1 Let Bo = B(a = 0), i.e. the operator of multiplication with a(g) 
and D the integral operator of kernel D (g, q'). Then, denoting 



M = a 2 D(B - z)' 1 



(4.9) 



which is an integral operator of kernel a 2 D(q,q') (a(q') — z) , we have, formally, the 
expansion: 

R B (z) = (B - z)- 1 (I + M)' 1 = {Bo - z)- 1 



n=l 



where (B — z) 1 M n , n > 1, are integral operators of kernels 

(a (g) - L n (a, z; g, g') (a (g') - z) -1 , 

with 

D (g, gi) £> (g 1; g 2 ) ...-D (g„_ l5 g') 



L n (a, z; g, g') = a 2n 



n-l 

II (« (ft) - *) 
1=1 



dq 1 ...dq 



n-l- 



(4.11) 



We shall prove the convergence of the series (I4.1()jl in B r and, hence, show that K sat- 
isfies all the assertions of the Lemma, by checking (by induction) the following properties 
of the function (|4.11j) : 
(i) L n (a, z; ■, •) G B r and 



\L n {a,z;;-)\\ r < (Ca 2 ) 



n—l 



where C is a constant (to be specified later); 
(ii) The limits 



lim L n (a, x ± is; q, q) = (a, x; g, g') 

e\0 



(4.12) 



(4.13) 



exist in B r for all x G /; 

(iii) (a, x; -, •) are s + 1/3 times differentiable, thereby they satisfy the estimates ()4.7|) . 
ijOt with iV = (Ca 2 ) n ~\ 
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Indeed, for n = 1, i.e. for D (q,q') these assertions hold obviously. For 3m z > 0, we 
represent 

L n+ i (a, z; q, q') = a 2 f D (q, q) L n (a, z; q, q') (a (q) - z)~ l dq 

J °° dte izt J D (q, q) L n (a, z; q, q') e~ ita ^dq, (4.14) 



ia 2 



wherefrom 

d k d%d P ql L n+l (a,z;q,q') = 

(4.15) 

ia 2 J °° dt {it) k e izt j d%D (q, q) SP q ,L n (a, z\ q, q') e~ ita ^dq. 

Using (|4.3|) . the induction hypothesis and the condition [T] for a(q), the internal integral 
can be represented by the stationary phase method as 

d«D (q, go) d P q ,L n (a, z; q , q') 
C fd/2 1 + A Q/3 (t; q, q ) , (4.16) 

where C is an absolute constant, and the kernel A a p is bounded by 

|A a/3 (t; q, q>) \ < N (Ca 2 )- 1 (4.17) 

with some constant N dependent on d and on the function a. The integral 



(it) 



dt _V^]_ e i(z-a(q ))t 
t d/2 + 1 

is absolutely convergent for all k < s and defines a continuous function of z in 3m z > 0, 
which, for k — s, is Holder continuous with respect to this variable. We have that the 
contribution to (|4.15|) of the first term in (|4.16|) has the estimate 



ia 2 C J °° dt (it) k e «(*-«(9b))(td/2 + l)-^D (q, g ) d%L n (a, z; q , q') 

< Ch(q f N{Ca 2 ) n - l h{q)h(q') 



(4.18) 



where C is a constant. One proves in the same way the Holder condition ()4.8|) for k = s. 
A similar estimate holds for the integral of the second term in ()4.16|) : 



POO 

/ ^t) k e lzt A aP (t ]q ,q')dt 
Jo 



<C\\h\\ 2 L N{Ca 2 ) n - l h{q)h{q'). 



By taking C = max |iV, C (\h (g )| 2 N + \\hf L2 AM |, one gets the estimate (B~T2l) . the 
existence of the limit ()4.13j) and the assertion (iii) for n replaced by n + 1. □ 
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Once we have Rb{z), it is an easy matter to write down the solution of equation (|4.1j) 
for z G C \ / as 

f 1 = R B (z)[g 1 -af v], (4.19) 



where 



whenever A(z) ^ 0. Here, 



fo = [go ~ « (v, R B (z)gt)} (4.20) 



A(z) = e W - ^ - a 2 (v, i2 B (*)«) (4.21) 
Clearly, A(;z) is analytic in C \ /, has limits at the cut /: 

\imA(x±ie) = A ± (x),x G / (4.22) 

e\0 

and the limits A ± (x) are s + 1/3 times differentiable, by the same reasoning as in Lemma 
14.11 More precisely, 



d 



k 



dx k 



(A ± (x) + x) 



< const, k = 0, s + 1/3. 



As one can read from equations (|4.19|) . ()4.20|) . the continuous spectrum of the operator 
A equals the interval /. Besides, the real zeroes of A(z) below a, if any, are eigenvalues 
of A. Since —a 2 (v, Rg(x)v) is decreasing for x < a, A(x) is strictly decreasing from +oo 
to A (a) on this interval, therefore A has one simple eigenvalue e < a with eigenvector 
ipo = (fo, fi = —af RB(e)v) G TiS- x ', if, and only if, A (a) < 0. As, for small a 

±3mA ± (x) = a\ J \v(q)\ 2 dq + (a 4 ) > 0, x G /, 

a(q)=x 

in view of condition 13 it follows that there are no eigenvalues of A embedded in the 
continuous spectrum (see [7J). 

Remark 4.3 It is easy to show using the explicit formulae for Ra(z) that the general 
criteria of the absence of the singular continuous spectrum ' L 8l are met in our case, hence 
that the continuous spectrum I is absolutely continuous. Therefore, we have 

w «d _ f n ac , a (a) > o 

" 1 {c^}®n ac , A (a) <o [ ^ Z6) 

We come now to the scattering theory for the pair of self-adjoint operators (A, B ), 
where we denoted B the operator of multiplication with a(q) acting in = L 2 (R d , dqj . 
We denote E : H w H^ 1] the injection Eip = {0,<p) G H^ 1] , ip G H {1) . Known 
existence criteria for the wave operators (see e.g.[8j) can be applied to our case and 
ensure the existence of the strong limit: 

s - lim e itA Ee- itBo = Q + , 

t^oo 
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which is a unitary operator Q + : HS l > — > 7i ac C Ti^- 1 ^ . The generalized eigenfunctions of 
the operator B are S q (-) = 8 (q — •), therefore, using known formulae in scattering theory, 
one can take 

= Q+S = lim ieR A (a (q) - is) ES q (4.24) 

as generalized eigenvectors of A corresponding to the eigenvalue a(q). Explicitly, in view 
of (|4.19p . (|4.20|) and Lemma l4~T| one gets for ip q = (ft , ft (•)) the following expressions: 



f q 
Jo 



a 



A- (a(q)) 



v(q) + a 2 



K (a, a (q) ; q', q) v (q') dq' 
a (q') — a(q) + iO 



ft (q') =5(q-q') + 



ryfl I 

Jo a {q') - a (q) + tO 



a K (a,a(q);q',q) ^ 
a (q') — a(q) + iO 

a fK-(a,a(q);q',q")v(q")dq" 



(4.25) 
(4.26) 



v(q') 



a 



a {q") -a(q)+ iO 



This somewhat formal derivation of the formulas (|4.25L (I4.26J) will be justified by the 
next lemma, which proves that ip q G C © S' (R d ) (where S' (R d ) is the space of tempered 
distributions) and that it verifies the intertwining property of the wave-operator 

Lemma 4.4 Let d > 3. Then 

1. For every fixed q G R d , ft is finite and it is bounded and continuous as a function of 

q- 

2. For every fixed q G TL d , ft (•) G S' (R d ) ; moreover, for every fixed q' G R d , ft (q 1 ) G 
S' (R d ) with respect to q. 

3. For (p G S (R d ) , let us consider the vector ijj^ = (C^o, C^i (•)) G HS- X \ where 



c v ,o = J /oV (<?) d q, 



(4.27) 



C v ,i (q) = / ft (q) V (q) dq. 



(4.28) 

Then, for any (fi, (f2 G <S (R d ) , 

= C^oC^o + J C ipiil (q)C V2)1 (q)dq = (<pi,<p 2 ) L2 , (4.29) 

therefore the application ip i— > ^ extends to an isometry £l + : L? (R d , dq) — > H^- 1 ^ . 
4- The range of the operator Q + is H ac and AQ + = Q + B . 

Remark 4.5 The relation \4-29jj may be written in the following formal way 



^^) n(<1) = ftft + {fin) nw = nq-q') 



(4.30) 



meaning the orthonormality of the generalized functions {ip q , q G R d }. 
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Remark 4.6 Usually, the generalized eigenvectors of a self-adjoint operator A acting in 
the Hilbert space H are defined as derivatives dExf/da^ (A), where (f G Ti is an arbitrary 
vector, {E\} is the family of spectral projections of A, and a v (A) is the spectral measure 
corresponding to (p. Moreover, if A leaves invariant a certain dense linear subspace 7i + C 
Ti. and 7i + has a Hilbert space structure such that the inclusion is quasi-nuclear, then the 
derivative dE\<p/da v (A) = xa exists as an element of the conjugate space H- = TC+ and 
it is an eigenvector with eigenvalue A of the adjoint: [A \h+) , °f the restriction of A 
to 7i + , which is an extension of A. The vectors Xx £ f~t- are usually called generalized 
eigenvectors of the operator A. It can be shown that the generalized vectors introduced 
above are generalized eigenvectors of A in this sense. The same remark is valid for the 
generalized eigenvectors of the operator H p (which will be constructed farther on). 



Proof of Lemma\J^ 



1. This assertion follows easily from the representation 

K- {a, a (g) ; q', q) v (q') [a (g') - a (g) + lOj^dq' 



oo 



dt / e it{a{q,) - a{q)) K~ (a, a (q) ; q', q) v (g') dq' 



o 

by applying the stationary phase method as done already in the proof of Lemma l4~Tl 
2. In order to prove the second assertion, we have to consider C^i (</). To this aim, we 
represent the g"-integral in ()4.26j) as before, using the stationary phase method: 

CO 

I (x; q') :=ijdtj jtW)-x) K - ^ x . q ^ q ^ € ( g ") dq n 

oo f .° 1 (4.31) 

= i jdt jj^e^^K- (a, x; q', g ) v (g ) + A (x; q', t) 
o L J 

where the correction term A satisfies the estimates 

Nh (q') 



d k x <rA(x;q',t) < 



fd/2+l 



for all multi-indices a, |a| < [d/2] + 1, and k = 0, ...,s + 1/3, where N is a constant. 
Hence, / (x; q') fulfills for d > 3 the estimates 

\d k x dp{x-q') \ <Nh(q'); \a\ < [d/2] + 1, k = 0, s + 1/3. 

The contribution of this term to C^i (g') is: 

/ V(g) K~ (a,a(qy,q',q")v(q") 



dq / dq"- 



a (g') - a (g) + i0) (a (g") - a (g) + iO) 



/ V (g) / (a (g) ; g') _ f ^ m(x)I(x;q') ^ ^ 



a (g') — a (g) + iO J R a (g') — x + zO 
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where 

m(x)= J f«<p(q)dq. (4.33) 

a(q)=x 

As it follows from the proof of the point 1, m(x) is s + 1/3 times differentiable. The same 
property is shared by I (x; q') as a function of x for every fixed q' . Therefore, the integral 
over x in (14.321) converges. The convergence of the other terms entering (q') can be 
proved similarly. 
3. Using the representation 

<P (?) = J V (?o) ^ (? - ?o) dq , ^eS (R d ) 
and the formula (|4.24j) we find that 

tt + <P = j V (qo) r°dq = K, , C V)1 (•)) <= U ac C ft^ 1 ). (4.34) 
In view of the unitarity of the application f2 + : L 2 (M. d ) — > 7i ac , one has 



(^1^2) L 2 (R d) = (tt + cp 1 ,tt + (p 2 ) 

— C ipi flC ip2 fl + J Ctp lt i (q) C V2j i (q) dq. 



(4.35) 



4. Since S (lR d ) is dense in L 2 (lR d ) , the image Q + S (R d ) is dense in Ti, ac , therefore, in 
view of the unitarity of Q + , Q + L 2 (R d ) = 7i ac . The intertwining property AQ + = Q + B is 
obtained in the standard way. Lemma li~4l is proved. □ 
This lemma implies in particular that any vector ip G H. ac has a unique representation 

as 



if; = ip f 



[ f (qo) V°dq := lim W , / e L 2 (R d ) . 

J R d <Pn-+) 



Here, the limit in the right-hand side is meant in Ti ac and {(p n } is a sequence of elements 
of <S (M d ) converging to / in L 2 . 

4.2 Construction of the one-boson subspace 

As explained in Section the construction of the one-boson subspace of H p relies on 
the spectral representation of the operators {A p (£)}g< K ) see <|2.10l) . entering the reduced 
system (l3~231l : 



( A p(0 F ) = e o, P fo +« / c(p- q,q)fi(q)dq 

(A p (£) F) l (q) =ac(p- q, q) f +a p (f ; q) ft (q) , , 

+a 2 J D p (£; g, g') /i (g') 

F = (f Ji(-))en^\ 
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Since for any £ < k the operator A p (£) satisfies all the assumptions of the previous 
subsection, there exists a family 

W,i=(/|,o>&(0)h- (4-37) 



of generalized eigenvectors of Ap(£) with eigenvalues {a p (£; g)} eRd) given by (|4.25|) . 
()4.26|1 . where a (g) is replaced by a p (£;g), and A - , by the functions A^ ; K^, en- 
tering the expression of the resolvent of A p (£). Let F| 2 be constructed in terms of /| x (•) 
according to (13 .9L i.e. F| 2 = where the application £>(£) was introduced in 

equation (|3.8I) (more precisely, S(£) is the extension of that operator to the space 
defined below), where the coefficient functions are the solution of the fixed point equation 
(JSH5). Then, the complete sequence 

F* = F| 2 ) = (/| 0) fl ( Ql ) , /| 2 g 2 ) , ...) (4.38) 

satisfies the equation 

H P F} = £F| + (a p (£; g) - F|, (4.39) 
where we denoted F| = (i^D 0) . Therefore, if £ (g) is a solution of equation 

op(£;?)-£ = o, (4.40) 

then F|/ v is a generalized eigenvector of the operator H p with eigenvalue £ (g) = £ p (g) , 
cf (l2T3|l in Remark O 

We shall give below sense to the generalized eigenfunctions as elements of the 

dual (£>^)' of an auxiliary Banach space B^ k \ k = [d/2] +2, densely and continuously 
embedded in the Fock space T . 

Definition 4.7 Let us denote Bn the space of all symmetric functions g of n variables 
qi,...,q n G M. d , k times continuously dijjerentiable with respect to each qt, and for which 
there exists a constant C such that, for all multi-indices a = (a±, a n ), cti = (aj, af) , 

d 

\ a i\ = S a i — k> one has 

s=l 

n 

\d^g(qi,:.,qn)\<CHh( qi ), V qi ,...,q n eR d . (4.41) 

i=i 

It is a Banach space if endowed with the norm ||g||„ = inf C , where the infimum is taken 



i(fc) 

In 

over all C for which the estimate holds. 



Clearly, the inclusion Bn C TC^ is continuous and Bn is dense in 1iS n \ Let next 

B {k) = C + B[ k) + ... + B { n k) + ... C T (4.42) 
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be the space of sequences 

G = (go, gi (qi) ,--,g n q n ) ,•••)> go e C, g n g B%\ 

with norm 



00 



+E 55(11*1 

n>l 



1 1/2 



(fc) 



(4.43) 



Obviously, is continuously and densely embedded in the Fock space J 7 , as required. 
The dual (£>( fc )) of B^ consists of sequences F = (fo, fi, f n , ...), where fo G C, and 

/ n G ^Mf^J are linear continuous functional on Bn^', thereby, the value of F at an 
element G G £>( fc ) is given by the series: 



(F,G) 



fogo + 52 -r (fn,g 



n>l 



1/2 



(4.44) 



and the norm of F is 



i(fc) 

\( B (k)) 



n>l ' v v > 



1 V2 



(4.45) 



Clearly, T C (B^V and the inclusion is continuous. 

Lemma 4.8 For every q G M d and £ < k , F£ G (£>( fc ))' and nas £ne representation 



F? = 6 + F? 



where 5 q = (0, 5 g , 0, ...) and 



/or some constant M . 



(B(fc)) 



,<Mah (q) 



(4.46) 



(4.47) 



Proof: We prove this statement in three steps. 

I. The n = component of F|, /| , is given by equation (|4.25jl . where t> (g) = c(p — q,q), 
a(q) = a p (£,q) and K~ = Kj. If condition El in Section l4~Tl is fulfilled for every £ < k 
and p, we have A~ (a (g)) > r > 0, therefore we obtain for the first term in (|4.25l) 



{-av{q)) 



< -Hq). 

T 



A- („(,)) -r— <4 ' 48) 

The second term in (|4.25jl is treated using as before the stationary phase method, which 
gives 

/ K~ (a, a (g) ; q', q) v (q') (a (q') -a{q) + lO)' 1 dq' 



r " — i - 

JdtC {t d/2 + 1) e «C«(3b)-«(*))iif- ( ft) a ( g ) ; g , g ) jj (g ) + A (g, t) 



(4.49) 
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where 



-i 



\A{q,t)\ <Ch{q) (t d/2+1 + iy 
for some constant C. Equations f|4.48j) . (14.49ft . ()4.5fl|l provide 



f.O 



< Ba h(q). 



(4.50) 



(4.51) 



II. The n = 1 component of F^, /| x = 8 q + /^ l3 is given by equation ()4.26|) . with the same 
assignments for v, a, and K~ . Again, reducing the estimate of every integral entering 



J for a generic #i G <£?f^ to the estimate of the corresponding oscillatory integral, 
and using thereby the estimate ()4.48|) . we obtain 



(4.52) 



III. The higher components of F?, {/| n }n>2 , are estimated using their representation 
(13.9ft in terms of We have 



n 

= J2I b n(qi, a-, q n ; %) /|i (%) g n g n ) dq x ...dq n 

+ jd n (q u g„; g') (g') # n (g x , g n ) dqi...dq n dq' . 



(4.53) 



Using the estimates for 6 n , <i n and their derivatives (see (|3.12|) and Lemma l3~2~ft . and also 
the bound 1)4.52,1 . we have that 



dq\...dqi...dq n 

n-l 



for i 



-, . . . , . c/, 



/ f b n (qi, g n ; q { ) (g*) # n (g x , g n ) dg, 
< da (A 2 (p) - k)" 1 H^llgw (1 + La 2 ) ft (g) (/ %')0 

n, and also that 



/ d n (g b g n ; g') (g') # n (g x , q n ) dq x ...dq n a 
< C 2 a (A 2 (p) - h)" 1 ||^|| b w (1 + La 2 /i (g)) /i (g) (/ h(q')dq'y 



Hence, with suitable constants C, L, 



f q 



,,<c 



a 



(Bk k) ) A 2 (p)-K 



1 + La 2 ) -/i(g) / %'W 



n-l 



(4.54) 



Putting together equations (|4.51j) . f|4 . 5 2j) and ()4.54|) . we obtain ()4.47|) . The lemma is 
proved. □ 
Now we come back to the study of the generalized eigenvectors F^, . 
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Let us remark that a p (£; g) is, for every fixed g, a smooth, monotonously decreasing 
function of £ on (—00, k]. If 

G«' K = [ q e R d : a p (k; g) - « < 0} , (4.55) 

then equation 1)4.40)1 has a unique solution £ (g) < k if q G G> , and no solution if 
g ^ , , see Figure 1. 

Proposition 4.9 Tne function £ (g) = £ p (g) can 6e represented in the form 

£ P (<l) =e{q)+lip-q) (4.56) 
where the function 7 (fc) «s defined in the domain {k : p — k G G p }. 
Proof: Indeed, let us use the expansion 

/i = /i -r/i + r 2 /io + - (4.57) 

for the solution of equation 1)3. 14)) . and remark that the function ^(gijg) appearing in 
(13.15)1 can be written in the form 

b° 2 (<7i; q) = b% (gi; g) = < (p - g; 2 - e (g)) (4.58) 

with ^ (A;; u>) defined for fc G M. d , w G C such that £Rc w < « — £ (g). One can prove by 
induction, using the formula 1)3. 10j) . that, in every term r fc /i of the expansion 1)4.57]) . the 
function bn, P (z; q±, q n -i, q) has, for fixed gi, g n _i, a form similar to 1)4.58]) . i.e. 

&£> (z; gi, g n -i; g) = ^L-,«n-i (p - ?; * - e (?)) • (4-59) 

Then, it follows that the coefficient functions b n = b UtP of the solution \x given by (14.57)) 
are of the same form ()4.59j) . in particular, 

b 2, P (gi; g) = <p qi (p - g; * - e (g)) (4.60) 

Plugging this expression into 1)3.23)1 , we find that m p depends only on the differences p — q 
and z — e (g) : 

m p (z,q) =r(p-q;z-e(q)). (4.61) 
Hence, by virtue of (Pol) . f l3~26l) and (P~6TT) the equation (l4~4H 

i(p-g) 2 + e(g)+m p (£,g) = £ (4.62) 

writes as 

1 2 

- (p - g) + r (p - g; 7) = 7 (4.63) 

This implies that 7 = £ — £ (g) is a function of p — g alone. □ 
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Clearly, by the convexity of e° p and the asymptotical properties of m p (£, q) given in 
CorollaryOOl G p l ^ K is a bounded domain, nonvoid for k > Xi(p), and min £ (q) = Xi(p). 



By the smoothness of a p (£, q) with respect to both arguments, the function £ (q) 
defined on Gp 1 ^'* is also smooth. Moreover, for a sufficiently small, this function has 
a unique critical point (namely, a minimum), which is nondegenerate. In particular, it 
follows that on every level of £ (q), 



one can define a measure v x (the Gelfand-Leray measure, see |9|), such that, for any 
integrable function p> on Gp 1 ' ) ' K , 



<p (q) dq= / dx <p x du x , (4.64) 

Ai(p) 

where cp x — <p \ Xx is the restriction of p> to the surface \x- From ()4.64|) it follows that 
L 2 (g^^ , dq^j can be represented as a direct integral of Hilbert spaces: 

e 

L 2 (Gf'A dq ) = J Uxdx ^ (4. 65 ) 

[Ai(p)a] 

with H x := L 2 (xx, v x ). 

Let us now consider the family < V (i) k C (<B^) of generalized eigenvectors of 

H p . The next lemma , which may be stated formally as an approximate orthonormality 
of this family, is an important element of our constructions. We denote 



F{<p) := j F* (q) <p(q)dq G (£«)' 



fovcpeV (g p 1)>k ^ , the space of infinitely differentable functions with support in G p . 
Lemma 4.10 (i) For any p> G one has F (cp) G T . 

(ii) There exist functions S(q) and M(g, q 1 ) defined for q, q' G G p K , such that, for any 
p>i,p>2 G T> (g p ^ ,k \, the following representation holds: 



(F(cp 1 ),F(cp 2 ))r= J dx f {1 + S x (q))\<p x {q)\ 2 dv x 

Ai(p) L 



+ 1 L <pMM x {q,q')y x {q')dv x {q)dv x {q') . (4.66) 



'Xx J x 
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Here, <p X} S x and M x denote the restrictions of the functions tp,S and M to Xx and 
Xx x Xx , respectively. 

(Hi) The following estimates hold with suitable constants C, C : 

\M(q,q')\ <C ah(q)hW), (4.68) 
implying that F (ip) G T , for <p G L 2 (^G^ ,K ~\ and 

Ct IMI i2(G a),«) < \\F{ip)\\ < C 2 y\\ L2 ^ ■ (4.69) 

Proof: (i) This assertion will follow from the calculations below, 
(ii) In the sense of distributions, equation 1)4. 66J) means that 

F 4o)^ = ^ + s ^ 6 fa - + M ^ ^ 5 (fa) - zw) ( 4 - 7 °) 

Before we proceed, the following remarks are in order: 

1°. We seemingly make an abuse in calculating the scalar product (f^,F^ of two 

generalized functions. Such calculations can be justified in the following way. The Fourier 
transform F^ n ( n ) of the generalized function F| n (g 1; q n ) is, as one can easily 

verify, a usual function of the variables (Ci>--->Cn) polynomially bounded at infinity in 
these variables. If, further, we view the scalar product [F2,FZ ] as the limit of 

V *' n 4 ' n /L 2 (R" d ) 

scalar products: 



„ n 

(^ ^) , M : = ss L 3- (Ci - (Ci - CJ n • 

then one can prove that this limit exists in the sense of convergence of generalized functions 
of the variables q, q' . We shall not provide the details of this justifying procedure, and 
write instead directly its result entering our calculations. 

2°. We shall exploit the "orthogonality" of the generalized eigenfunctions F% q y q G G^' K , 
corresponding to different eigenvalues £(q) ^ £,(q'), by supposing that the support of the 
generalized function 

Q(q,q>) := (f^F^)^ 
is contained in the surface E = q') G G^ ,K x G^^ : £(q) — £(</)} : 

suppQ C E (4.71) 

and neglect in our calculation all terms which do not contribute to the factors in front 
°f <5 (£(<?) — £(<?')) or 5 (g — q 1 ). However, the relation (|4.71j) likewise needs a justification. 
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Namely, if we did not skip these "non-contributing" terms in the calculations, we would 
obtain a generalized function Q (q, g'), such that, for smooth functions </?i (?), i = 1, 2 with 
support contained in Gp' K , the scalar product 

(F M , F (</? 2 ))^ = J Q(q, q') <p x (g) <p 2 (q') dqdq' 

vr .(l),K 

would be finite, in particular, F (<p) G J 7 for smooth yj. On the other hand, if the support 
of ip was contained in an ^-neighbourhood of the level Xx, then F (ip) G E (x — e, x + e) J-, 
where {E (A)} denotes the family of spectral projections of H p . Hence, for ^ (g), % = 1, 2 
with supports respectively contained in nonintersecting e-neighbourhoods of the levels 
Xxi, where x x ^ x 2 , the vectors F (ipi), i = 1, 2, would be orthogonal. This proves in fact 

Keeping these remarks in mind, we proceed with the proof of (ii). 
One has 

oo 

F% „ F?, „) = ( ILiF* U ± Ff, „) + V ( F% , , F? ( M ) (4.72) 



n=2 



As is self-adjoint and are its generalized eigenfunctions with eigenvalue £(5), the 

support of this distribution is contained in £(g) = £(g'). As HiF^ = ip q and UiF^ q ,^ = 

ip q ' are generalized eigenvectors of the operator A (£) for £ = £ (g) = £ (g'), we can use the 
relation (E3T1 : 

(il^, Hi^)^ = 5 (g - g') , (£(?) = e(ffO) ■ (4-73) 

We are therefore left with calculating ^i 7 ^ n , -^fiy) n ) ( } for n > 2. To this aim, use is 
made of the representation (I8.9J) 

n 

F t( q) ,n = E b n (6(g); ft, ft-, g«; ft) (ft) 

+ / 4 (£(g); ft, -, ft; g') (?') <V- (4.74) 

The second term in 1)4. 74j) is a smooth function of gi, q n and does not contribute to the 
terms containing 5 (£(g) — £(?')) or 5 (g — g'). Likewise, it is not hard to see that the only 
contributions to such terms come from 



/ K (6(g); gi...gi...g n ; ft) (ft)&n (£(?'); ft-ft-fti ftj^g^i (ft) dq x ...dq n 

= J ' 9n (£(?),£(?'); ?) /f( g ),l (?) d ?> 



(4.75) 



where 



(6, £'; g) = / & n (6; gi-ft-i; g)&« (£'; ft-ft-i; g) dq 1 ...dq n - 1 . (4.76) 
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In the integral over q in the r.h.s. of equation l)4.75jl . we separate the singular parts 
°^ ^l(<?) i' ^l(<?') i usm S the Sokhotski formula: 



1 V (- I + iic6(x) 



x + iO \x 

in their expression (|4.26|) and the fact that a p (£ (g) , g') = £ (g) implies £ (g) = £ (g'), 
hence also a p (£ (g) , g') = £ (g') (in view of the uniqueness of the solution of a p (£, g) = £): 

(?') = ^ (g - g') + (g, g') 5 (C(g) - £(g')) (4?7) 

+ regular terms 

where 

(g, g') = a 2 fsT- (£; g, g') - a/| c(p - g, g) 
+a 2 /|, / *f (6 9") c(p - q", q") (a P (£, g") - £ + ^O)" 1 dg". ^ 

The regular parts do not contribute to (|4.75jl . which becomes, after performing the inte- 
gration over q: 

9n (aqlC{q);q)Hq-q') 
+i7t5 (e(g) - £(g')) bn (£(?),£(?);?') % g) (g, ?') 

/ ^ (£(g), £(g); g") % 9) (g, g") %) (g', g") dg". (4.79) 

Let us define the function: 

OO j 

r (^g') = ^-;^n(e, (4-80) 

n=2 

Then, one can see from equations 1)4. 73|) . 1)4. 79 j) that 14. 70 J) is fulfilled with 

S(q)=T{£{q),q), (4.81) 

M(g, g') = vk [T(£(g), q')R m (g, g') - T(£(g), g)% ?) (g', g)] 

+7r 2 /T(£(g),g")% (? ) (g,g")% 9) (g',g"W- 1 j 

(iii) Using the estimates in Lemma ET^ one obtains for T: 

^ oo ||^||2(n-l) ^ 

Also, from the inequalities (14.51)1 and (|4.8jl it follows that 

|%,) (?,?')! <Ch(q)h(q'), 
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wherefrom l)4.67jl . (I4.68|) follow. Using these estimates in equation (|4.66|l . one obtains 
that F(<p) G T for any if G L 2 (4 1),K ) and, moreover the estimate (I4.69jl holds. The 
lemma is proved. □ 
Let now T~L\(p) C T be the subspace spanned by $^F((p),(p G L 2 {Gp^'jj- Equation 
69|) implies that the application <p i — > F (</?) is continuous and invertible. Thereby, 
7~Li{p) is .f/p-invariant and 

H p F(<p) = f(£<p}, (4.83) 

where 

(i<p)(q) = Z(q)<p(q)- (4-84) 

Lemma 4.11 There exists a bounded, invertible operator B : L 2 (g^'j — > L 2 
which commutes with H p and such that: 



(F {Bip x ) , F (£^ 2 ))^ = (</?i, ^ 2 ) L2 / G d),^ • (4.85) 



Proof: We use the representation ()4.65|) of L 2 ^Gp 1 ^, dqj as a direct integral of the spaces 
H x and write TC\(j)) direct integral: 



Wf(p)= y Wi^tte. (4.86) 

[Ai(p),«] 



Here 7ii jX is the image of 7-^ by the application of L 2 ^G p 1 ' )A , <igj into l~t1(p) and consists 
of functionals 

Fx(<p) = j F^(q)du x (q). (4-87) 

Xx 

By virtue of g^QD , 

{F x (pi) , i 7 ; (<^ 2 ))^ = / (i + 5(g)) <pi(q)<P2(q)dv x (q) 

+ / (p 1 {q)M{q,q')i P2 {q')dv x {q)dv x {q') 

= ((/, + KO^,^)^, (4.88) 

where 7 X is the unit operator in Hi j3; and V^, is a bounded operator with small norm (cf. 
equations (|4.67j) , l|4.68Jl ). Also, H p acts in 7ii ;X as xl x . 
Let B x = (I x + V x y 1 ^ 2 . Then, equation (|4.88|) reads as 

{F x {B x (px) , F x (B x <f 2 ))jr = ((pi, <P2) Hl x ■ 

Finally, defining B = J[ Al( - p ) K ^B x dx, one gets both that the operator B commutes with 
H p and that equation (|4.85j) is satisfied . □ 

29 



5 The ground state of H } 



A detailed analysis of the ground state of H p is performed in arbitrary dimension in [2]. 
In this section we shall briefly show how the existence of the ground state follows from 
our considerations for d > 3. 

As explained in Section^ H p has a ground state if, and only if, there exists £ < Ai (p), 
such that operator A p (£) in THS- 1 ^ has the eigenvalue £. By the analysis done in Section 
I4.1| A p (£) has one simple eigenvalue e p (£) < Ai (p) if, and only if, A p (Ai (p)) < (where 
A p (£) is the function defined by equation (|4.21j) for A p (£)), in which case e p (£) equals 
the unique solution of the equation A p (£) = 0. Since — Ai (p) — > oo for p — > oo, while 
(v, i?s (Ai (p)) i>) (with t> and 5 corresponding to A p (£)) is bounded, {p; A p (Ai (p)) < 0} 
is a bounded domain. 

As seen from equation (|2.1flj) . A p (£) is a decreasing family (in the usual order of self- 
adjoint operators), implying that e p (£) is a decreasing function of £ G (— oo, Ai (p)). We 
conclude that the equation e p (£) = £ has a solution £ p ^ if, and only if, p belongs to the 
subdomain 

G(°) = {p: ep(A 1 (p))<A 1 (p)}. 

For p G let i^ (0 ) x be an eigenvector of A p \ Cp°j, and F^ p>2 £ 7i ( - 2 ^ be defined 

according to (12.141) . Then, the vector F p ^ = Fjo) + F ' (o) is a ground state of the 
operator H p . 

Therefore, H p has a unique ground state if p G G^°\ and no ground state if p ^ G^. 

6 Concluding remarks 

The main result of the paper is the construction, in the weak coupling regime, of a manifold 
of states indexed by a phonon momentum q. The ground state describing a single polaron 
becomes unstable at a certain momentum threshold, above which it dissolves into this 
manifold. It is to be expected that at still higher momenta the latter states become 
themselves unstable and dissolve into two-phonon states, etc. The representation (|4.56l) of 
the eigenvalue £ (q) strongly suggests the interpretation of the generalized eigenfunctions 
associated to it as scattering states of a free phonon and a certain particle with the 
dispersion law 7 (k). We cannot yet decide whether the latter particle is a polaron defined 
in our Theorem 1 1 . 1| i.e. whether 7 (k) = ^\ although we checked that this equality is 
true in the first nontrivial order in coupling constant: ~ a 2 . In this case the ground state 
instability at high k might be interpreted as emission of a phonon. 

Unfortunately, we were not able to prove in the present paper two essential results in 
favour of the above heuristic physical picture: 

1. First of all, we did not construct the whole one-boson subspace 7Yi~ A2(p) up to the 
two-boson threshold A 2 (p). The approach used here of eliminating the higher components 
of the eigenvectors can equally well be applied in the case of the decomposition T = 
H- 2 © 7i- 3 , leading to a family of self-adjoint operators {A (£) , Ai (p) < £ < n}, (where 
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M (p) < k < A 3 (jo), i.e. k is between the two-boson and the three-boson threshold, 
defined similarly with A 2 (p)), acting in the space H- 2 of triples (/o, fi (•) , f% (•, •)). These 
operators have a more complicated structure than the Friedrichs operators in and 
their spectral analysis and scattering theory is not available in such details as for the 
Friedrichs operators. If this theory was elaborated (e.g. using equations analogous to 
the Faddeev-Yakubovski equations for the resolvent of n-body Schrodinger operators, see 
[TT] - [in]), then the approach of the present paper would provide the construction of the 
whole one-boson subspace and of a part of the two-boson subspace. 

2. Secondly, we did not prove the completeness of the constructed subspaces Ho (p) 
(generated by the ground state) and TCI (p), meaning that in (TCo (p) © TCI (p)) ± the spec- 
trum of Hp has no point below k. We are convinced that this assertion is true and hope 
to prove it in the future. 
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